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Abstract. We establish an asymptotic analogue of Mazur's conjecture in the 
non self-dual setting, with applications to bounding ranks of elliptic curves in 
abelian extensions of imaginary quadratic fields. We also reduce the remain- 
ing cases of small ring class conductor in the conjecture to a straightforward 
nonvanishing criterion for individual cyclotomic twists. 
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1. Introduction 

This article is a continuation of the prequel article |16j , on the topic of Rankin- 
Selberg L-functions in cyclotomic towers, and particularly the nonvanishing of their 
central values in families. The purpose of the present article is to deduce a much 
stronger result towards the conjecture posed in |16j using only the theory of p- 
adic L-functions. In particular, we establish an asymptotic analogue of Mazur's 
conjecture in the non self-dual setting, with the remaining cases of small ring class 
conductors being reduced to a straightforward nonvanishing criterion for individual 
cyclotomic twists (Conjecture 11.21 below). In any case, the main result presented 
here applies to show asymptotic bounds for ranks of elliptic curves in maximal 
abelian p-extensions of imaginary quadratic helds via the associated two- variable 
Iwasawa main conjecture divisibilities (Theorem II .41 below) . 

Let K be an imaginary quadratic held of discriminant D < and associated 
quadratic character u>. Fix a rational prime p. Let i?oo denote the maximal abelian 
extension of K unramihed outside of p. Hence, can be described as the com- 
positum of towers K\p°°]K(Hpoo), where LT[p°°] = U n >o^[P™] ^ s ^ ne un i° n °f au 
ring class extensions of p-power conductor over K, and K(^ p <x>) — Un>o -^(d> n ) 
the extension obtained by adjoining to K all p-power roots of unity. The ring 
class tower K\p°°] is Galois over Q, and of generalized dihedral type. Its Galois 
group over K is isomorphic as a topological group to a hnite extension of Z p . The 
cyclotomic tower K(( p aa) is Galois over Q and abelian. Its Galois group over K 



1991 Mathematics Subject Classification. Primary 11F67; Secondary 11F25, 11G40, 11R23. 
The author acknowledges support from the Swiss National Science Foundation (FNS) grant 
200021-125291. 



1 



2 



JEANINE VAN ORDER 



is isomorphic as a topological group to Z* . Let us write Q to denote the Galois 
group G&^Roz/K ), with Q the Galois group Ga\(K [p^/K ) of the dihedral part, 
and r the Galois group of the Gal(K(£ p oo)/ K) of the cyclotomic part, so that 
Q k> fl x r . The torsion subgroup Go of Q is finite, and corresponds to the Galois 
group Ga\(L/K) of the maximal tamely ramified extension L of K contained in 
Roo. The quotient group G of Q mod Go is then topologically isomorphic to 7? p , 
with a corresponding decomposition into dihedral and anticyclotomic parts denoted 
by G « fl x r. 

We consider the set X of finite order characters W of Q, which by class field 
theory can be identified with the set of finite order Hecke characters of K unramificd 
outside of p and infinity. We shall commit an abuse of notation throughout in always 
making such an identification implicitly. It is clear from the description of Q given 
above that any such character W decomposes uniquely into a product of characters 
W = pip, where p is a finite order character of the dihedral Galois group ft, and 
ip is a finite order character of the cyclotomic Galois group _T. The reader should 
note that each of these cyclotomic characters ip takes the form tp = x o N, where 
ip is some uniquely determined Dirichlet character of p-power conductor, and N 
is the norm homomorphism on ideals of K. The decomposition Q w G x Go also 
induces a unique factorization of any such character W into a product of characters 
W = WqW w , where Wo is a tamely ramified character of the Galois group Go, and 
W w is a wildly ramified character of the Galois group G. Thus, given a character 
W of the set X, we shall always take these factorizations 

W = pip = px o N = W W W 

to be fixed. We shall also assume throughout that W has p-power conductor, 
writing X C X to denote the subset of such characters. 

A classical construction due to Hecke associates to any character W in X a 
theta series 6(W), which is a modular form of weight 1, level A, and Nebentypus 
lox 2 - Here, A = |£>|c(W) 2 , where c(W) denotes the (norm of) the conductor of 
W. Moreover, this theta series 6(W) can be characterized as the inverse Mellin 
transform of the complex L-function L(s,W) associated to W. Let us now fix a 
cuspidal Hecke newform / of weight 2, level N, and trivial Nebentypus. We write 

/(*) = £«n(/)? n 
n>l 

to denote its Fourier series expansion at infinity, where as usual z = x+iy denotes an 
element of the complex upper-half plane = {z e C : > 0}, the coefficients 
o-n(f) are normalized so that di(f) = 1, and q n — cxp(27rm). We consider the 
Rankin-Selberg L-function of / times any of the theta series 6(W) described above, 
normalized to have central value at s = 1/2, which we denote here by the symbol 
L(s, f x W). Hence, L(s, f x W) can be described via its Dirichlet series expansion 

L(s,fxW)=L^ N \2 S ,u X 2 ) g (^p{A)r A {n)^a n {f)x{n)n- s , 

(n,c(W)) = l 

which converges absolutely for 5R(s) 3> 1. Here, L(s,ujx 2 ) denotes the usual Dirich- 
let series L(s,uj X 2 ) of the character u> X 2 , with primes dividing N removed from its 
Euler product. We have also used the factorization W = p X o N of W into dihedral 
and cyclotomic parts described above. Moveover, we have viewed the underlying 
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dihedral character p as a ring class character of the class group Pic(0 c ), where 
O = Z + cOk is the Z-order of conductor c = c(p) in K. And finally, given a class 
A in Pic(0 c ), we have written rA{n) to denote the number of ideals of absolute 
norm n in A. The classical Rankin-Selberg method shows that this L-function 
L(s, / x W) has an analytic continuation to the complex plane, and moreover that 
its completed L-function 



Here, we have written Pr(s) to denote 7r _s / 2 r(s/2), with e(s,f x W) the epsilon 
factor associated to A(s, / x W), and W to denote the contragredient character 
associated to W. The epsilon factor at the central point e(l/2, / x W) is a complex 
number of modulus one known as the root number of L(s, f x W). In this particular 
setting, one can see from the classical derivation of (JT]) via convolution that the root 
number e(l/2,/ x W) is given simply by — wy 2 (.ZV'), where N' denotes the prime- 
to-p part of the level N of /, at least if N is prime to the discriminant D of K. 

The L-function L(s, f x W) for any character W in X is said to be self dual if 
the coefficients in its Dirichlet series expansion are real-valued, or equivalently if 
its root number e(l/2, / x W) takes values in the set {±1}. This is well known to 
be the case for the L-functions L(s, f x W) where W = p is a dihedral or ring class 
character in the description given above. Moreover, if W — p is such a character, 
then it is easy to see that the functional equation ([1]) relates the same completed 
L-function on either side, i.e. that A(s, / x W) = A(s, / x W). This is a consequence 
of the well known fact that such characters (viewed as a Hecke characters of K) are 
equivariant with respect to complex conjugation (cf. [9j p. 384]). In this particular 
setting with W = p, the condition that the root number e(l/2, / x W) equal —1 then 
imposes the vanishing of the associated central value L(l/2, / x W). To distinguish 
this particular case in all that follows, let us define a pair (/, W) to be exceptional 
if (i) W = p is a ring class character and (ii) the root number e(l/2, / x W) is —1. 
We then define a pair (/, W) for any given character W in the set X to be generic 
if it is not exceptional. 

The purpose of the present work, following that of the prequel [16] , is to study 
the nonvanishing behaviour of the central values L(l/2, / x W) in the generic set- 
ting. Such nonvanishing is predicted by the generalized conjecture of Birch and 
Swinncrton-Dyer via the associated context of two-variable main conjectures for 
elliptic curves, as we explain in some more detail below. To describe the expected 
behaviour, let us first recall the celebrated algebraicity theorem of Shimura [12], in 
particular as it applies to the central values L(l/2, / x W) described above. Thus, 
let us write F — Q(a„(/)) n >o to denote the extension of the rational number field 
Q obtained by adjoining all of the normalized Fourier coefficients a n (f) of /. Let 
us then write F(W) to denote the extension of F obtained by adjoining the values 
of W. The main algebraicity theorem of Shimura [11] shows that the values 



lie in F(W), where (/, /) denotes the Petersson inner product of / with itself. In 
particular, these values © are algebraic. They are also Galois conjugate in the 




(2) 



L(l/2,/x W) 
(/,/) 



4 



JEANINE VAN ORDER 



following sense. Writing W = px ° N = WqW w as above, let us define P c ,q-w to 
be the set of all such characters W, where p is primitive of some conductor c, \ 
is primitive of some conductor q, and the tamely ramified part Wo is fixed. The 
main result of Shimura [11] then implies that the value L(l/2, / x W) vanishes for 
some character W G -P c .g;W if any only if the value L(l/2, / x W) vanishes for 
all characters VV G -P c ,g:W - Equipped with this notion, we can associate to any 
character W of I an associated Galois average, 

S [w] = S C!g , Wo = iPcffiWbl -1 E L (V2,/ x W). 

wePc,«,w a 

Of course, if (/, W) is exceptional, then we can see from the functional equation 
(JT|) that the associated Galois average tfryyi must vanish. In this setting, one studies 
instead the central values of the associated first derivatives Z/ ( 1/2 , / x W) . One can 
establish via the formulae of Gross- Zagier |5| and Zhang [32] an analogous notion 
of Galois conjugacy for these values, as explained in [16] (cf. also [9]). This leads 
us to define for k = or 1 the notion of a k-th Galois average Sryh — ^cg-W > 

45] = C;Wo = I^Wol" 1 E ^ k \l/2,f x W). 

Here, L (0) (l/2,/ x W) is taken to denote the central value L(l/2, / x W), and 
i (1) (l/2, / x W) that of the derivative 1/(1/2, / x W). In general, we expect that 
if the conductor of W is sufficiently large, then jj-^l does not vanish, where k is 
taken to be or 1 according as to whether the pair (/, W) is generic or exceptional 
respectively. This expectation in the exceptional setting with k = 1 can be deduced 
from the theorem of Cornut [3], as we shall explain in some more detail below. 
Our aim here is to establish this expectation asymptotically in the generic setting 
with k = 0, building on the analytic estimates of the prequel work [16) . as well 
as giving asymptotic generalizations of the earlier works of Rohrlich [10], [9], and 
Vatsal [Jj5] for the associated one-variable settings (i.e. with either W = p ring 
class orW = - = X°N cyclotomic in the setup described above). The novelty of 
this work is that we shall use essentially no analysis in the proofs, but rather the 
existence of some associated p-adic L-functions to reduce the problem to previously 
established results in the self-dual setting via suitable (systematic) applications of 
the Weierstrass preparation theorem. Moreover, the method presented here allows 
us to give streamlined proofs of some of the works mentioned above (namely those 
of [10] and [E]), and appears to work in much greater generality. Here, we obtain 
the following main results, using the work of Cornut [5] with suitable algebraicity 
theorems to deduce the stated results in the exceptional setting. Using the existence 
of an associated two- variable p-adic L-function due to Hida [6] and Perrin-Riou [8] , 
along with the more general nonvanishing results of Cornut- Vatsal [3] for self dual 
Rankin-Selberg L-functions over totally real fields, we obtain the following result. 

Theorem 1.1 (Theorem 12. 71) . Fix an embedding Q — > Q p . Assume that the eigen- 
form f is p-ordinary in the sense that the image of its T p -eigenvalue under this 
embedding is a p-adic unit. Assume additionally that p > 5, and that the prime 
to p-part of the level N of f is prime to the discriminant D of K . Fix a tamely 
ramified character Wo of p-power conductor of Gq « G&\(L/K). Let n > be any 
integer. There exists an integer c(0) > 0, independent of choice of n, such that 
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for each possible (p-power) dihedral or ring class conductor c > c(0), the associated 
Galois average S^ k pn. po does not vanish. Here, k = or 1 according as to whether 
the pair (/, W) is generic or exceptional respectively. 

We conjecture that this results extends to all possible (p-power) ring class con- 
ductors c > in the generic setting with k = and n sufficiently large. More 
precisely, as we shall see in the discussion below using the Weierstrass preparation 
theorem, these remaining cases can be established via the following criterion. 

Conjecture 1.2. Fix a ring class character p — pop w in the set X of any given 
conductor c. Then, there exists a cyclotomic character ip = x ° N in X such that 
the central value L(l/2,/ x pip) does not vanish. 

Observe that we have of course established this criterion in Theorem 12.71 above 
for c sufficiently large, i.e. for c > c(0). It seems very likely that this criterion in the 
remaining cases of small ring class conductor c can be treated by certain averaging 
techniques that are beyond the scope of the present paper. We hope to take this 
up in a subsequent work. Anyhow, if we can establish the nonvanishing criterion 
of Conjecture 11.21 for a ring class character p — pop w of each possible conductor 
c < c(0) and given tamely ramified part po, then we can deduce from the discussion 
below the following full analogue of Mazur's conjecture in the non-self dual setting. 
Recall that we write X to denote the set of finite order characters of the Galois 
group Q having p-power conductor. Let X^ denote the subset of characters W in 
X for which the pair (/, W) is generic, and X^ 1 ' the subset of characters W in X 
for which the pair (/, W) is exceptional. 

Corollary 1.3. For each choice of tamely ramified ring class character Wo = po 
of Go, assume Conjecture for one primitive ring class character p = pop w of 
each possible conductor c < c(0) in X^ . Then, for all but finitely many characters 
W in X^ k \ the associated k-th Galois average 5™L does not vanish. Here, k = 
or 1 according as to whether the pair (/, W) is generic or exceptional respectively. 

An unconditional partial analogue of this result can also be established via the 
main estimate of the prequel work [16] . i.e. for ring class characters p — pop w of 
conductors smaller than c(0), where we do not specify the tamely ramified part 
Po- The difficulty in extending this unconditional result to each individual po 
seems to be in the apparent algebraic independence of the associated twisted values 
L(l/2Jx PoPw ij)/87T 2 (fJ) GQ. 

Bounds for ranks of elliptic curves. Let Koo denote the Z^-extension of K, so 
that G w G/Gq above is identified with the Galois group Gal(Kca/K). We obtain 
the following unconditional bounds for ranks of elliptic curves in the tower K^o/K, 
thanks to the two- variable main conjecture divisibility shown by Skinner-Urban [13] 
(cf. [7] or [H]). Let E be an elliptic curve of conductor N defined over Q, without 
complex multiplication. We know by fundamental work of Wiles [3U] , Taylor- Wiles 
|TJ] and Breuil-Conrad-Diamond-Tayor pQ that E is modular, hence parametrized 
by a cuspidal newform / of weight 2, level N and trivial Nebentypus. This for 
instance allows us to identify the Hasse-Weil L-function L(E/K, W, s) of E over 
K twisted by a finite order character W of Q with the Rankin-Selberg L-function 
L(s, f x VV) described above, at least up to normalization factor. Let us now take 
O to be the ring of integers of some finite extension of Q p containing the values of 
W. Let 0[[G]] denote the O-Iwasawa algebra of G, i.e. the completed group ring 
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of G with coefficients in O, or equivalently the ring of O- valued measures on G. 
As explained below (Theorem 12. f [) . there exists an element C p (f/Koo) in 0[[G]] 
that interpolates p-adically the algebraic values ©, or rather the images of these 
values under any fixed embedding Q — > Q p . In particular, the specialization of this 
element to any finite order character W of X vanishes if and only if the associated 
central value L(l/2, / x VV) vanishes. 

Let us now write Sel(.E/-Koo) to denote the p-primary Selmer group of E in the 
tower Koo/K, which fits into the exact descent sequence of discrete 0[[G]]- modules 



Here, E^K^) denotes the Mordell-Weil group of E over K^, and UI(E / K OCJ )(p) 
the p-primary subgroup of the Tate-Shafarevich of E over K^. Let us then write 
XiE/KJ) = Hom(Sel(S/A: oo ), Q p /Z p ) denote the Pontryagin dual of Sel^/i^), 
which has the structure of a compact 0[[G]]-module. Assume that E has good 
ordinary reduction at p. It is then well known that X(E / K^) has the structure 
of a torsion 0[[G]]-module, as shown for instance in [18l Theorem 3.8]. Hence, by 
the well known structure theory of finitely generated torsion 0[[G]]-modules, the 
dual Selmer group X{E/K ao ) has an associated C[[G]]-characteristic power series 
char X(E / Kqo). The two-variable main conjecture of Iwasawa theory then asserts 
that we have an equality of principal ideals 



in C[[G]]. Now, the main result of Skinner-Urban [13] establishes in many cases the 
divisibility (Cpif/K^)) C (char X {E / K QO )) in 0[[G]}. The result of Theorem O 
in the generic setting with k = can then be viewed as a nontriviality condition for 
specializations to finite order characters of G of the p-adic L-function C p (f / K^). 
Combining these two results allows us to bound the C[[G]]-corank of Se^E/K^), 
from which we can then obtain bounds for the Mordell-Weil rank of E^oo) via the 
exactness of ([3]) . More precisely, we can establish the following types of bounds by 
this deduction. Recall that we write _ftr[p°°] = U n >o-^b"] to denote the union of 
all ring class fields of p-power conductor over K . Recall as well that we write u to 
denote the quadratic character associated to K , and moreover that the root number 
e(l/2, / x p) for p any dihedral or ring class character in the setup described above 
is given by the value —uj(N), at least when the N, D and p are mutually coprime. 

Theorem 1.4. Let -E/Q be an elliptic curve of conductor N without complex mul- 
tiplication, and having good ordinary reduction at p. Assume for simplicity that 
P > 11; cmd that (Np,D) = 1. Given M any finite extension of K contained in 
Roo, let us write r^(Af) = rkz E(M) to denote the rank of the Mordell-Weil group 
E(M), i.e. so that E{M) w Z rB < M ) © E{M) t0 m- Then, for any integer n>0, we 
have in the ring class tower K [p°°] = U n >o^'[P™] ^ na ^ 



Moreover, let K cyc denote the cyclotomic Tip-extension of K . Assume that we are 
not in the exceptional setting, i.e. that for any finite extension M of K in the 
compositum K[p°°]K cyc , M is not contained in K[p°°] if —u(N) = —1. Assume 
additionally that M has either (i) sufficiently large dihedral degree, i.e. the dihedral 



(3) 




(Cpif/K^)) = (charXOE/ifoo)) 
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intersection L?nGal(M/LT ) has sufficiently large order, or (ii) trivial dihedral degree, 
i.e. M is contained in the cyclotomic Tip-extension K cyc . Then, 

(5) r E (M) = O f , D , p (l). 

Moveover, if the criterion of Conjecture \1.£\ is established, then (J5J) holds for all 
generic extensions M of K in the compositum K[p°°]K cyc . 

Here as throughout, we have used the result of Cornut [3] to address the excep- 
tional setting where the root number —to(N) is — 1. The reader should also note 
that the estimate ((U) has already been established via the nonvanishing theorems 
of Vatsal [19] and Cornut- Vatsal |4], after suitable known Euler system arguments. 
The new result obtained here is therefore the generic bound ([5])- 
Some remarks on the general setting. Though we have not attempted to make 
the results stated above effective, it is interesting to note that the number of van- 
ishing twists can be bounded above in terms of the Weierstrass degree(s) of the 
associated two-variable p-adic L-function C p (f / Kqo) introduced in Theorem 12.11 
below. In fact, after some suitable review of the 0[[G]]-module structure theory of 
the associated dual Selmer groups (cf. [18j §3]), it should be possible to establish 
at least a partial analogue of the conjecture(s) proposed by Coates-Fukaya-Kato- 
Sujatha [H §4] in this setting. We have not pursued the matter here. It is also 
apparent, as in the prequel work [16j . that many of these results carry over to 
higher weight forms, though the nonvanishing theorems of Cornut- Vatsal [4] for 
totally real fields do not seem to apply directly. Finally, the results described below 
can be extended to other more general settings, for instance that of Rankin-Selberg 
L-functions associated to Hilbert modular forms in abelian extensions of CM fields, 
as explained in the sequel work |17] . 

Acknowledgements. It is a pleasure to thank John Coates, Christophe Cornut, 
Philippe Michel, Paul Nelson and Rob Pollack for helpful discussions. 

2. Nonvanishing via p-adic L-functions 

We now give the proofs of Theorem 1 2. 7\ using only the existence of an associated 
p-adic L-function, i.e. to reduce the problem to previously established results in 
the self-dual setting. Let us keep all of the notations and setup above. 
Iwasawa algebras. Let be a finite extension of the p-adic integers Z p , suffi- 
ciently large to contain the ring of integers of the number fields F and F(W). Recall 
that we write Roo to denote the maximal, abelian unramified outside of p extension 
of K. Recall as well that we write Q to denote the Galois group Gal(i?oo/LT), so 
that Q ps Go x G, with Go ps Gal(L/LT) the finite torsion subgroup of G, and G 
being isomorphic as a topological group to 7? p . We consider the 0-Iwasawa algebra 
[[£?]] of Q, which is the completed group ring 

(6) o[[g\]=^aO[g/u]. 

u 

Here, the projective limit © runs over all open normal subgroups Li of Q. More 
generally, such a definition of 0[[£]] can be made for any discrete valuation ring 
and Q any profinite group. The reader should note that the elements of any such 
completed group ring [[(?]] can be viewed as 0- valued measures on Q in a natural 
way. More precisely, given W any finite order character of Q, and C any element 
of the completed group ring [[<?]], we can integrate W against C in the following 
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way. Since W is of finite order, it defines a locally constant function on Q, and 
hence there exists an open subgroup 14 C Q such that W is constant modulo U. 
Writing 

£u = ^2 c "( cr ) cr 
creg/u 

to denote the image of C in the group ring 0[Q /U], with coefficients cu(a) G O, we 
can then define the integral of W against C to be the finite sum 

(7) f W(<j)d£(<r) = ]T c u (a)W(a). 

It is easy to see that this definition does not depend on the choice of open subgroup 
U C Q. Thus, given an element C in 0[[{?]], we write dC to denote the associated 
measure, which is determined uniquely by this construction. We shall also write 
W(£) to denote the functional defined in Q above, and moreover refer to this 
value as the specialization of C to W. It is easy to see from this description that 
any group like element g £ Q corresponds to the Dirac measure dg, and that 
the product C1C2 of two elements L\,Ci <E corresponds to the convolution 

product dCi ★ dL^- Moveover, the identity element X in 0[[{?]] corresponds to a 
constant measure. Now, returning to the specific setting of Q = G&^R^/K), we 
have a natural identification of completed group rings 0[[Q\] ~ O[G ][[G]]. We also 
have an isomorphism of completed group rings 

(8) O[[g]]^O[G ][[G}} -^0O[[G]], £^(Wo(£)) Wo , 

Wo 

where the direct sum runs over all characters Wo of the finite group Go, and 
{Wo{£)) Wo is the vector of specializations Wo(£) of C to each character Wo- The 
reader should note that here, we only specialize to the tamely ramified part Wo 
(and not to any wildly ramified character of G), so that the Wo(£) are elements of 
the completed group ring C[[G]] rather than just values in the ring of integers O. 
To denote this distinction more clearly, we shall write £(Wo) rather than Wo(£) is 
what follows to emphasize that each £(Wo) is a genuine element of C[[G]]. 

Two-variable p-adic L-functions. The constructions of Hida [B] and Perrin- 
Riou [8] give us the following result. Recall that by the theorem of Shimura |11) . 
the values 

L(l/2,/x W) 



(9) 



8tt 2 (/,/} 



are algebraic, and in fact contained in F(W). Let us now fix an embedding Q — > Q p , 
where Q p is a fixed algebraic closure of Q p . We can then view any element of Q 
as an element of Q p . In particular, we shall view the values (j9|) as elements of Q p . 

Theorem 2.1 (Hida, Perrin-Riou). Assume that f is p- ordinary, and that p > 5. 
There exists an element L p — C p {R OQ / K) in the O-Iwasawa algebra 0[[G]] such 
that for any finite order character W of Q , we have the equality 

(10) w{ ^ =nU , W y WM±m , % . 
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Here, r](f,W) denotes some precise, nonvanishing algebraic number, viewed as an 
element of Q p . In particular, the central value L(l/2, f x W) vanishes if any only 
if the specialization W(C P ) vanishes. 

Proof. The result follows from Perrin-Riou [H Theoreme B], using the bounded 
linear form construction of Hida 6 , as explained in [181 Theorem 2.9]. That is, 
the integrality of this construction is explained in |18[ Theorem 2.9], assuming for 
simplicity that p > 5. Note that this construction, which also works for higher 
weight forms, requires that the eigenform / be p-ordinary. □ 

We shall say that the p-adic L- function C p — C p (f / Roo) in [[{?]] interpolates 
the central values L(l/2, f x W) once such a formula (fTU)) is known. More generally, 
given O any discrete valuation ring and Q any profinite group, we shall say that an 
element C in interpolates some complex value n if the specialization W(C P ) 

equals v/fl in Q p for W some finite order character of Q and ■& = some suitable 
period (i.e. for which the quotient 77/1? is lies in Q). 

Weierstrass preparation. We now review the Weierstrass preparation theorem, 
and in particular how it applies to elements of the completed group ring [[£?]]. Let 
us fix topological generators 71 and 72 of the Galois group G — f2 x T, where is 
a topological generator of the anticyclotomic factor 57 = Z p , and 72 is a topological 
generator of the cyclotomic factor T = Z p . We may then invoke the well known 
isomorphism of completed group rings 

(11) 0[[G]] — >0[[T 1 ,r a ]], (71,72) — > (Ti + 1,T 2 + 1) 

to view each of the specialized p-adic L- functions C p (Wo) in ||5J) above as an ele- 
ment £p(Wo; Ti, T 2 ) of the two-variable power series ring 0[[Ti,T 2 ]]. The reader 
should note that, under this non-canonical isomorphism (|lip . the specialization 
W (C p ) = W w (C p (Wq)) = p w \ N (£ p (Wo)) corresponds to evaluating the power 
series C p (Wq; Ti, T2) = C p (Wq; 71 — 1, 72 — 1) at a certain pair of primitive roots of 
unity £i and (2, so that 

W(C P (T U T 2 )) = C p (W a :p w (li) ~ 1,^(72) - 1) = C p (W :Ci - l,Ca - !)• 
That is, these roots of unity d and C2 are determined uniquely by the values 
Pw(lx) = Ci an d V , id(72) = C2 j where /o^, denotes the wildly ramified part of the ring 
class character p, and ip w = x o N denotes the (wildly ramified) cyclotomic part of 
W = px ° N. 

Let us now write Ri [[Tj]] to denote any of the one- variable power series rings 
0[[T\], G[[Ti]][[T 2 ]] or 0[[T 2 ]][[Ti]], i.e. so that R, = O or else i?, = 0[[TJ] with 
i,j G {1,2} and i ^ j. Since O is a local ring, it has a unique maximal ideal ^ 
say. Now, it is well known and easy to show that each 0[pYj] is a local ring, with 
unique maximal ideal (*$, Ti). Thus, each choice of Ri is a local ring with maximal 
ideal mi say. An element f(Tj) of the group ring Ri[Tj] is said to be a distinguished 
(or Weierstrass) polynomial if it takes the form 

f(Tj) = T; + br.^TJ- 1 + ... + b (Ti), 

where each of the coefficients b r -\(Ti), . . . , b<j(Ti) lies in the maximal ideal m,;. 
Suppose now that we have an element g(Tj) of the formal power series ring J2i[[3^]], 

9 (T J -) = ^a fe (T i )T/, 

k>0 
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such that not all of the coefficients ak{Tj) € Ri lie in the maximal ideal rrii . Say 
ao(Ti), . . . a r _i(Tj) G mi for some integer r > 1, with a r (Ti) a unit in Ri. The 
Weierstrass preparation theorem asserts that this g(Tj) can be written uniquely as 

9(Tj) = f l {T J )u i {T j ), 

where fi(Tj) is a distinguished polynomial in Ri[Tj] of degree r, and Ui(Tj) is a unit 
in i?j[Pj]]- The integer r > 1 is then known as the Weierstrass degree deg w (g(Tj)) 
of g(Tj). More generally, if 

g(T j ) = J2"k(T i )Tf, 

k>0 

is a nonzero power series in i?j[[Tj]], then the Weierstrass preparation theorem 
asserts that g(Tj) can be expressed uniquely as a product 

(12) g(Tj) = fi(Tj)ui(Tj)wi(Ti), 

where fi(Tj) and Ui(Tj) are as above, and Wi(Ti) is the element of Ri = 0[[Tj]] 
determined by taking the greatest common divisor of all of the coeffiecients a&(Tj) 
contained in the maximal ideal = pp, Tj). Now, as the invertible power series 
u(Tj) cannot have any zeros, it follows that any nonzero element g{Tj) of i?j[[Tj]] 
has at most deg w (g(Tj)) zeros in the indeterminate Tj. This result can be inter- 
preted for the p-adic i-functions £ p (Wb) on the level of specializations to wildly 
ramified characters in either the anticyclotomic variable T\ = 71 — 1 or the cy- 
clotomic variable T 2 =72 — 1, as we shall see more precisely below. Let us for 
now just record the following observation about each of the two-variables p-adic 
L-functions W (£ p ) in 0[[G\], viewed as power series £ P (W ; T 1; T 2 ) in Q[[T 1 ,T 2 ]] 
under the fixed isomorphism As explained below, we may assume that each 

such jC p (Wo; Ti, T2) is not identically zero. Viewing C p (po;Ti,T 2 ) as an element 
of the one-variable power series ring i?j[[Tj]] = 0[[Tj]][[Tj]], the Weierstrass prepa- 
ration theorem then implies that £ p (Wo; Ti, T2) can be expressed uniquely as a 
product of the form (fT2|) above. Let us write r(j) to denote the Weierstrass de- 
gree of £ p (yVb; Ti, T 2 ) in i?j[[Tj]]. Observe that we may also apply the Weierstrass 
preparation theorem to the element WiiTj) of Ri. Let us then write deg w (wi) to 
denote its Weierstrass degree. Putting together the two unique expressions (Tl2|) for 
£ p (Wo; Ti, T2), it is then easy to see from the induced relations that 

(13) r(l) deg w {w 2 ) = r(2) deg vv (n7i). 

It is also easy to see that deg w (u7 2 ) is bounded above by the Weierstrass degree of 
the cyclotomic p-adic L-function £ p (Wo;0,T2) in R 2 , and that that deg w (vui) is 
bounded above by the Weierstrass degree of the anticyclotomic p-adic T-function 
£ p (po;Ti,0) in Ri. The arguments below will show that both sides of (|13l) are 
finite, i.e. defined. 

Nontriviality of tamely ramified specializations (via basechange). We be- 
gin with the following result, deduced via basechange from the nonvanishing the- 
orems of Cornut-Vatsal [4] for totally real fields. This result applies to the vector 
of p-adic T-functions (£p(Wo)) w = (£p(Wo;Ti, T%)) w appearing in ([8|) above, in 
particular to show that each £ p (Wo; Ti, T2) is nontrivial in the sense that its spe- 
cialization to infinitely many wildly ramified characters W w = p w ^ w (with both p w 
and ip w nontrivial) does not vanish. Thus, by the Weierstrass preparation theorem, 
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this result will imply that each C p (Wo; 71, T2) has finite Weierstrass degree as an 
element in cither of the power series rings 0[[Ti}} [[T 2 ]] or C[[T 2 ]][[Ti]]. 

Let us first fix a character Wo of Go, which recall is a tamely ramified character 
of some p-power conductor. Observe that we can always take such a Wo to be a 
ring class character po , as there are no unramified cyclotomic characters of p-power 
conductor apart from the trivial one. Let us now consider the following basechange 
setup. Fix n > an integer. Let £ p n be a primitive p™-th root of unity, with 
Q(Cp") the field obtained by adjoining £ p « to Q. We then write Q„ = Q(Cp»+i) + 
to denote the maximal totally real subfield of Q(Cp™+ 1 )- Hence, Q„ is the unique 
extension of degree p n over Q in the cyclotomic Z p -extension of Q. Let us also 
write K n to denote the compositum KQ n . Hence, K n is the unique extension 
of degree p n over K in the cyclotomic Z p -extension of K. Clearly, K n is a totally 
imaginary quadratic extension of the totally real field Q„. Moreover, the cyclotomic 
field Q„ is abelian, and of odd degree. Thus, writing tt/ to denote the cuspidal 
automorphic representation of GL2(Q) associated to /, there exists by the theory 
of cyclic basechange a cuspidal automorphic representation Tlf. n of GL2(Q„) such 
that there is an equality of L-functions 

L(s,n /in ) = Y[L(s,TT f ,x)- 

x 

Here, L(s,Hf tn ) denotes the L-function of Hf. n , the product runs over all charac- 
ters x °f Gal(Q rl /Q), and each L(s,7r/,x) denotes the L-function of 7r/ twisted by 
X- Now, since Q„ is totally ramified at p, there exists a unique prime p above p 
in Q„. Following Cornut-Vatsal jH § 1,2], we then write K n [p°°] = U,„>o^»[p m ] 
to denote the tower of all ring class extensions of p-power conductor over K n , with 
Qv 1 ' to denote its Galois group Gal(i^ n [p°°]/i^ n ). Let us now view any finite order 
character of as an idele class character of K n via the reciprocity map 
of class field theory. We can then consider for any such character the Rankin- 
Selberg L-function L(s,Ilf n x p( n ') of Hf, n times the automorphic representation 
of GL2(Q„) associated to p^ n \ This L-function has a well known analytic contin- 
uation, and satisfies a functional equation relating values at s to 1 — s. Moreover, 
it is self dual, its corresponding root number e(l/2,Hj „ x p( n ') taking values in 
±1, and can be described by a well known formula (see for instance [?J § 1.1]), 
completely analogously to the setting with e(l/2, / x p) = —lu(N) described above. 
On the other hand, given p any finite order ring class character of the imaginary 
quadratic field K factoring through the Galois group Q, let us write p 1 to denote 
the composition of p with the norm homomorphism N/^/^ from K n to K, so that 
p' defines a finite order character of the Galois group fl^ n > . We then have for any 
such character p' an equality of L-functions 

(14) L(s,n Ln xp')=l[L( S Jxpxo-N), 

x 

where the product runs over all characters x of Gal(Q„/Q) as before. This equality 
of L-functions induces an equality of the associated root numbers 

(15) e(l/2, n /; „ X p') = II £ ( 1 /2, / x PX ° N). 

x 

In particular, using that the degree of Q„ i s always odd by our hypothesis that 
p > 5, we can deduce from this relation (fT5|) that the condition of having our base 
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root number e(l/2, / x Ik) — —to(N) equal ±1 will imply that the root number 
e(l/2, 11/ .„ x p') equals ±1 for any such character p' of . This puts us in a good 
position to invoke the nonvanishing theorems of Cornut-Vatsal [4] directly in either 
case on the root number e(l/2,/ x 1^). More precisely, we obtain the following 
version of their result (s) in this setting after invoking the Artin formalism of (fT4")) 
and (fT5|) above. 

Proposition 2.2. Fix a tamely ramified character Wo = Po of Go. Let n > be 

any integer. There exists a positive integer c(n) > such that for all ring class 
conductors c > c(n), the associated Galois average S[ k pn. po does not vanish. Here, 
k = or 1 according as to whether or not the pair (/, W) is generic or exceptional. 

Proof. We can assume without loss of generality that n > 1, since the case of n = 
is shown already by the nonvanishing theorems of [3], [4] and [19]. Thus, let us fix 
an integer n > 1. In particular, this means that we need only work in the generic 
setting with k = 0. We now divide into cases on the root number e(l/2, / x Ik)- 

Let us first suppose that the root number e(l/2,/ x 1^-) = — uj(N) is +1. We 
can then deduce from Cornut-Vatsal [U Theorem 1.4] that for all but finitely many 
finitely order characters p*™-* of Q^ n \ the value L(l/2,n/ in x p n ) does not vanish. 
The reader should note that this is not strictly what is stated in [4] Theorem 
1.4], but rather what can be deduced from algebraicity (using for instance the 
main theorem of Shimura |12j for Hilbert modular forms, or the existence of an 
associated p-adic L-function as given in [H]). We can then deduce that for all ring 
class characters p = pop w of K factoring through Q of sufficiently large conductor 
that the value 

1,(1/2, n /; „ x p') = J] L(l/2, / x PX o N) 

x 

does not vanish. Here, the product again runs over all characters x of Gal(Q„/Q), 
and sufficiently large conductor means that p has conductor c > cq(u), where 
Co(n) = co(n, f,p, K) is some positive integer depending on the choice of cyclotomic 
field Q„. Thus, for each integer n > 0, we can find some ring class character 
p = pop w of conductor c > cq(u) such that the central value L(l/2, / x pxoN) does 
not vanish for any Dirichlet character x of Gal(Q„/Q). Now, fixing a character x 
of Gal(Q n /Q), we can deduce from the algebraicity theorem of Shimura [T2] that 
the value L(l/2, / x px° N) does not vanish for all primitive ring class characters 
P = PoPw of conductor c. Moreover, for any fixed primitive ring class character 
p = pop w of conductor c, we can deduce from another application of the algebraicity 
theorem of Shimura [12] that the value L(l/2,/ x px ° N) does not vanish for 
all primitive Dirichlet characters x °f conductor p n . Thus, we can deduce from 
algebraicity that the value L(l/2,/x px° N) does not vanish for any primitive 
character W = px°N £ Pc,p n - Pa - Equivalently, the Galois average S^p n . po does not 
vanish for all ring class conductors c > cq(u). 

Let us now suppose that the root number e(l/2,/ x Ik) is —1, We can then 
deduce from Cornut-Vatsal [U Theorem 1.5], that for all but finitely many charac- 
ters p( n ) of ]?( n ), the value L'(l/2,il/ in x p n ) does not vanish. The reader should 
note again that this is not strictly what is stated in [4j Theorem 1.5], but rather 
what can be deduced from algebraicity using special value formulae (in this case, 
the recent work of Yuan-Zhang-Zhang [21]). Anyhow, we then have that for all 
but finitely many characters p^ of Q^ n \ ord s= i/ 2 L(s, II/ jn x p^) = 1. It follows 
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that for ring class character p — pop w of K factoring through Q of sufficiently large 
conductor, the value L'(l/2,±I/ in x p') does not vanish, whence 

(16) ord s=1/2 L(s, n /in X p') = ^ ord s=1/2 L(s, / X px o N) = 1. 

x 

by the decomposition (|14|) . Here, sufficiently large conductor means that p has 
conductor c > ci(n), where c\(n) = c\(n, f,p, K) is some positive integer depending 
on the choice of cyclotomic field Q„. Now, since the result of [2J Theorem 1.5] also 
applies in the same way to the base field Qo = Q, we can assume without loss of 
generality that ord s=1 / 2 L(s, / x p) = 1, whence (fl6f implies that 

ord s= i /2 £(s, / x px ° N) = 0. 
Thus, using the same reasoning as before, we can deduce that the Galois average 

c,p n ;p 



^ep n -p does not vanish for all ring class conductors c > ci(n). □ 



Corollary 2.3. Let cq = min n c(n). Then, for each ring class conductor c > c$, 
there exists an integer m(c) > such that for all integers n > m(c), the associated 
Galois average o c J > n. po does not vanish. Here, k = or 1 according as to whether 
or not the pair (/, W) is generic or exceptional. 

Proof. Recall that we fix a tamely ramified character Wo = po- Consider the asso- 
ciated p-adic L-function £p(po;Li,T 2 ) in 0[[Ti, T 2 ]]. Fix a ring class of (p-power) 
conductor c > cq. Let p — poPw be a primitive ring class character of conductor 
c. Consider the (doubly) specialized p-adic L-function £ p (po', Pw{ji) — LL2), in 
0[pV]]. We know by the Weierstrass preparation theorem that this element can 
be expressed uniquely as a product uiT^) f '(L^)^^ , where U^T-x) is an invertible 
power series in 0[[L 2 ]], /(I2) is a distinguished polynomial in C[T 2 ], w is a uni- 
formizer for O, and p > is an integer. We also know by Proposition 12.21 that 
for some integer h > 0, the associated Galois average 6^°\ does not vanish. 



Hence, we can deduce from the interpolation property of Theorem 12.11 that the 
specialized p-adic L-function C p (po; p w {li) — l?^) has finite Weierstrass degree 
deg w {C p (p Q ; p w {ji) - 1,T 2 )) as an element of C[[T 2 ]]. Thus, C p (p ; p w hi) ~ 1,L 2 ) 
can have at most deg w (C p (po; p w (li) — l,r 2 )) many zeros. It then follows from 
Shimura's algebraicity theorem [T^] that ^^°ph. po does not vanish for all but finitely 
many integers h > 0. Writing I = 1(c) > to denote the largest integer for which 
<5 c p i ;po vanishes, it follows that <^.°p";p ^ oes not van ish for all integers n > 1(c) + 1. 
Thus, taking m(c) — 1(c) + 1 proves the claim for c. □ 

Basechange p-adic L-functions. Let us keep all of the notations of the para- 
graph above. Hence, we fix an integer n > 0, writing C, p n to denote a primitive 
p"-th power root of unity. We then write Q(Cp™) to denote the field obtained by 
adjoining Cp" to Q, with Q n = Q(C P "+0 + the maximal totally real subfield of 
Q(Cp"+0- Thus, Q„ is the degree-p™ extension of Q contained in the cyclotomic 
Zp-extension of Q. Writing K n to denote the compositum LTQ„, we see that K n is 
the degree-p™ extension of K contained in the cyclotomic Z p -extension of K, and 
moreover that K n is a totally imaginary quadratic over Q„. Recall as well that we 
write p to denote the unique prime above p in Q„, with Lf„[p°°] = U m >o^™[P m l 
the p°°-ring class tower of K n , and = G&\(K n [p°°]/ K n ) its Galois group. On 
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the other hand, recall that we write = K p ^ to denote the dihedral or anti- 
cyclotomic Z p -extension of the imaginary quadratic field K, so that we have an 
identification of il with the Galois group Ga^D^/K). Let us then write fl^ n ' to 
denote the Galois group Gal^n-Doo/ K n ), where KnD^ denotes the compositum 
of the finite cyclotomic extension K n with D^. Hence, O'™) is topologically isomor- 
phic to Z p . Now, recall that we fixed a topological generator 71 of O = Q^°K Let 
us fix a topological generator 7^ of flW lifting 71 that is compatible with respect 
to composition with the norm homomorphism Nk„/k on the associated character 
groups. We can then invoke the standard isomorphism of completed group rings 

(17) 0[[n (n) }} — ■» 0[[T[ n \ ~/[ n) .— > T[ n) + 1. 

Moreover, we can define from each two-variable p-adic L-function C p (po\T\,T 2 ) 

(n) 

described above a basechange p-adic L-function in the lifted variable T{ , 

(18) C p ( Po -M n) ) = Jj£ p (p ;T 1 ,^(7 2 ) - 1) € 0[[T^)}. 

Here, the product ranges over all (wildly ramified) characters ip w — \ o N of the 
Galois group Gal(K n / K). Equivalently, by definition of the norm homomorphism 
~N Kri / K , we have the defining relation 

(19) C p (po;T^) = /^(pojTi.Ta) oN Xn/JC e 0[[T^ n) }}, 

where the composition with the norm homomorphism Njf n /x is taken on the level 
of the associated completed group ring element in C[[G]] = 0[[f2]][[r]]. On the 
other hand, after taking images of these group ring element(s) under (|17[) . we claim 

(n) 

it is a formal consequence of the definition of the topological generator 7^ that the 
Weierstrass degree of C p {po;T^ n ' ) in ]] must equal the Weierstrass degree 

of C p {p ;T^ } ) = £p(po;Ti,0) in ©[[if ]] = 0[[Ti]]. Note that we have adopted 
the convention of taking the Weierstrass degree to be infinite in the event that 
C p (po;T^) is identically zero in 0[[T[ n) ]]. Let us now record these observations 
(with some additional justification) as follows. 

Lemma 2.4. Fix a tamely ramified character Wo = pa- There exists a positive 
integer n(0) such that the following property holds. For each integer n > n(0), the 
Weierstrass degree of C{po\T[ ) as an element o/0[[Tj ]] equals the Weierstrass 
degree of C p (po]T^) = C p (po;Ti,0) as an element of ©[[T^ ']] = 0[[Ti]]]. 

Proof. We know by the Weierstrass preparation theorem that C(po;Ti,T 2 ) as an 
element of 7? 2 [pi]] = 0[[T 2 ]] [[Ti]] can be expressed uniquely as 

C p (p ;Ti,T 2 ) = U2(T 1 )f 2 (Ti)zj 2 (T 2 ). 

Here, u 2 (T±) is unit in i?2[p\]], /zpi) is a distinguished polynomial in i?2[pi]], 
and 073(12) is a power series in 1TI2 C R 2 as in (|12[) above. Thus, we can write 

fn(Ti) = T[ + br^y- 1 ^- 1 + ... + b (T 2 ), 

for r > an integer, with each 6j(Ti) contained in the maximal ideal rri2 = (CP, T 2 ). 
Recall that we write deg w {w 2 ) to denote the Weierstrass degree of w 2 {T 2 ) in R 2 . 
Observe that the specialization vo 2 (ip w (72 ) — 1) can then only vanish for at most 
finitely many cyclotomic characters tp w of T, i.e. for deg w (iu 2 ) many characters. 
In particular, we can deduce that there exists a (minimal) positive integer q(0) such 
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that for all cyclotomic character ip w of (p-power) conductor q > g(0), the special- 
ization O72('0tu('7s) — 1) does not vanish. In particular, specializing £ p (po; Ti> I2) 
to any such character tp w of T does not change the Weierstrass degree in iZa[[Ti]]. 
That is, we have in this case that 

(20) &eg w {C p { Po -T u T 2 )) = deg w (£ p (p ;T 1 ,^(72) - 1)) 

as elements of i?2[[Ti]] for any such character tp w . This is a consequence of the fact 
that the Weierstrass degree deg w (£ p (p ; T u ip w (72) - 1)) of £ p (po] T\, ^(72) - 1) 
in C[[Ti]] C i?2[p\]] is given by that of the specialized Weierstrass polynomial 

h{T{)\^ := T[ + 6^1(^2(72) - + • ■ ■ + ^0(^(72) - 1), 

which clearly still has degree r = deg w (£ p (p ; Ti, T 2 )) in T\. Let us therefore define 
n(0) to be the exponent of p in q(0). It then follows that for any integer n > n(0), 
we have the relation 

(21) deg w (L p (p ;Ti n) )) = [K n : K] ■ deg w {£, p {p x ,T u T 2 )) 

as elements in the base power series ring 0[[Ti]]. On the other hand, it is clear 
from the defining relation (|19|) (taking images under the isomorphism (|17p ) that 
the Weierstrass degree of C p (pa; T^) in the basechange power series ring 0[[T-^]] 
must be given by this quantity (|21[1 divided by the index [K n : K], as required. □ 

Let us now consider the interpolation properties of these elements C p (po;T^). 
That is, by Theorem l2.1[ each basechange p-adic L- function £ p (po; T^) in 0[[T^ n ^]] 
must interpolate the associated basechange central values 

L(l/2,n /)n x pi) = JjL(l/2, / x P o Pw il> w ) 

described in (|14p above. Here again, we have taken the product over characters 
ip w = x N of the Galois group Qal{K n / K ), and written p' to denote the finite 
order character of defined by the composition p o N Kn / K , where p = pop w . 
Now, recall that we have the root number relation (p~5|) under basechange. This in 
particular allows us to deduce that for any ring class character p' = pop w ^k„/k 
factoring through fi^ n \ the root number e(l/2,II/ >n x p') of the basechange L- 
function L(s,II/ )n x p 1 ) is given by the root number e(l/2,/ x Ok) of the base 
L-function L(s,f x 6k)- In particular, if e(l/2, / x Ok) equals —1, then it is 
easy to see from the functional equation satisfied by each of the (self-dual) L- 
functions L(s, II/ )n x p') that the basechange p-adic L-function C p (po;T^) must 
vanish identically in ©[[T^ ]]. To surmount this issue, we now make the following 
modification in our construction of the basechange p-adic L- functions £ p (po', T^ 1 ') 
in the setting where the root number e(l/2, / x 9k) is — 1. Thus, when e(l/2, / x 6k) 
is —1, let us define the following incomplete basechange element 

(22) C p { Po -T[ n) ) = [] £p(po;r l! ^(72)-l)eO[[T 1 ]]. 

Here, the product runs over nontrivial characters ip w = x o N of Gal(K n / K), and 
the product C p (po; T±) is a priori only defined in the base power series ring 0[[7i]]. 
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Lemma 2.5. For each integer n > 1, the incomplete basechange element £*(po]T^ ) 
o/ (|22[) above defines an element of the power series ring 0[[T[ n) ]]. Moreover, the 
Weierstrass degree of Ct(po',T^) as an element of OUT^]] is finite. 
Proof. Fix an integer n > 1. To show the first part of the claim, observe that each 
finite order character pffl of the Galois group f^™- 1 defines a finite order charac- 
ter p w of the Galois group by restriction to K. That is, each such character 
pffl arises as the composition of some finite order character p w of f^ - 1 with the 
norm homomorphism Njf as composition with Nk k /K induces a natural iso- 
morphism of Galois groups f^"* 1 = Q,(°\ This allows us to view C*(pq;T^) as an 
element of ©[[f^™* 1 ]], whence taking its image under the isomorphism (|17l) defines 
an element of C[[T^ ]]. More precisely, each C*(po;T^) defines an element 
say in the completed group ring 0[[fi( n )]], characterized as an O- valued measure 
on via the following interpolation property: for each finite order character 
Pvf 1 = Pw ° Njfj K of Q,( n \ we have the identity 

(n)r\(n)\ TT , e , \ L ( 1 / 2 J x PoPwlpw)^- n 

pl'(^ j )= 11 v(f>PoPwipw) 8?r2 ^ eQ P - 

Here, the product ranges over nontrivial characters ip w = % o N of G&l(K n /K), p w 
as before denotes the underlying character of f2, and all other notations are the 
same as in Theorem 12. II That X^ defines a distribution on is then a formal 
consequence of the fact that the convolution measure on fiW corresponding to the 
product £*(p ;7i n) ) defines a distribution on f2<°) = fiW. 

To show the second part of the claim, we appeal to the proof of Proposition ^. 21 
in the setting where the root number e(l/2, / x 9k) is — 1. This in particular allows 
us to deduce the nontriviality of C%{po\T^) in ©[[X^]] as an interpolation series 
for the associated complex values 

L*(l/2,n /l »xp B ):= 1] L(l/2Jxp p w ^ w ). 

In particular, using the result of Proposition 12.21 in this setting, we may then in- 
voke the Weierstrass preparation theorem to deduce that C*(po;T^) has finite 
Weierstrass degree as an element of the basechange power series ring 0[[T[ n) ]]. □ 

Let us now introduce the following basechange p-adic L-function in the setting 
where the root number e(l/2,/ x 9k) is — 1. Consider the element £*(po,T^) 
defined in (1221) above, which by Lemma 12.51 can be viewed as an element in the 
power series ring 0{{t[ 1] ]]. Let N Kn/Kl denote the norm homomorphism from K n 
to K\. Given n > 1 an integer, let us then define an associated element 

(23) g P ( Po ; T^) = C;(p -M iy ) o N Kn/Kl 

in the power series ring ©[[X^]], where the composition with N# /^-j is on the 
underlying completed group ring element A^ 1 - 1 in ©[[f^ 1 )]] described for Lemma 

12.51 above. Note that the collection of these elements g p {pQ]T^ ) for all n > 1 
contains information about the specialization of the two- variable p-adic L-function 
£ p (po', T\, T2) to each nontrivial character ip w of T. We also have the following 
analogous version of Lemma 12^41 for each g p (po; Xj ) as a power series in <9[pi™^]]. 
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Corollary 2.6. Fix a tamely ramified character Wo = po- Let u(0) > be the 
integer of Lemma \2.4\ above. Then, for each integer n > n(0), the Weierstrass 
degree of g p (po;T^)as an element of C[[T^™^]] is equal to the Weierstrass degree 
of g p (po;T^) as an element O^T^]]. 

Proof. Fix an integer n > n(0). We can assume without loss of generality that 
n>2. By the argument of Lemma [2~4l it is clear that g p (po;T x ) has Weierstrass 
degree equal to 

<p(p n ) ■ deg w (£ p (p ;Ti,T 2 )) - [K n : K x ] {[K x : K] - 1) ■ deg w (C p (p ; T u T 2 )) 

as an element in C7[[TJ], where deg w (C p (po] T\, T 2 )) denotes the Weierstrass degree 
of the two- variable p-adic L-function £ p (p ; Ti, T 2 ) m R 2 [[T 1 }] = 0[[T 2 }][[T{\}. Now, 
we saw in Lemma 12.51 that C*(po;T^') defines an element in the power series ring 
Ofp^^]], of some finite Weierstrass degree d(l) say. Following the argument of 
Lemma we deduce that the Weierstrass degree of £*(po>^i ) ° ^k„/Ki m 
OUT^}} is equal to p n - l d{l) = [K n : K{\d{l). This formula can be viewed as a 
consequence of the fact that specializations to characters of G&\(K n / K x ) do not 
change the Weierstrass degree in T^ 1 , or to be more precise the Weierstrass degree 
in T\ (as explained in the proof of Lemma 12. 4p . It is then a formal consequence 
that the Weierstrass degree of g p (p Q ;T[ n) ) = £*(p ; T x (n) ) o N Kn/Kt in 0[[T\ (n) ]] is 

given by d(l), or in other words by its Weierstrass degree in 0[[T X (1) ]] divided by 
the index [K n : K\\. □ 

These results in particular allow us to make uniform the choice of minimal ring 
class conductor c(n) in Proposition 12.21 above. That is, we can now establish the 
following main result. 

Theorem 2.7. Fix a tamely ramified character Wo = po of Go. Let n > be any 
integer. There exists an integer c(0) > 0, independent of choice of n, such that for 
all ring class conductors c > c(0), the associated Galois average 8^J >n . po does not 
vanish. Here, k = or 1 according as to whether or not the pair (/, W) is generic 
or exceptional. 

Proof. Recall the main result of Proposition 12.21 above, which asserts that for each 
integer n > 0, there exists an integer c(n) > such that for all (p-power) ring class 
conductors c > c(n), the associated Galois average sl k pn . po does not vanish. We 
can assume without loss of generality that we are in the generic setting with k — 0, 
since otherwise the results is known by the relevant theorems of [3] and [4]. We 
now proceed by dividing into cases on the root number e(l/2, / x 9k), as in the 
proof of Proposition 12.21 above. 

Let us first suppose that the root number e(l/2, / x 9k) is +1. Consider the 
basechange p-adic i-functions C p {po;T[ n ^) defined in (|Tg)) above. Starting with 
n = 0, we see from the Weierstrass preparation theorem that c(0) is determined 
by the Weierstrass degree deg w (0) of C p {p \T[ 0) ) = C p {po\T x ,{)) in 0[[T{\]. More 
precisely, writing r(0) to denote the number of ring class characters p — pop w of 
conductor c < c(0) for which the Galois average <^p°- van i snes i it is easy to see 
from the interpolation property of Theorem 12.11 that r(0) = deg w (0). Let us now 
fix an integer n > n(0), where n(0) > is the integer of Lemma |2~41 above. Writing 
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r(n) to denote the number of basechange ring class characters p' = pop w ° ^k„/k 
of conductor c < c(n) for which the Galois average 6cp™-p vanishes, it then easy 
to see from the interpolation property of Theorem 12.11 along with Artin formalism 
for basechange values (fH| that the Weierstrass degree deg w (n) of C p {po;T{*') 
in 0[[T X ]] is equal to r(n). The result for n > n(0) then follows from that of 
Lemma \2A\ which shows that deg w (0) = deg w (n), and hence that we can take 
c(n) — c(n(0)) for each integer n > n(Q) in the statement of Proposition 12.21 
The result for integers n < n(0) then follows from another application of Artin 
formalism to the associated basechange central values L(l/2, n^ n ( ) x p'), where 
p' = pop w o N^.jWjf is any ring class character of conductor c > c(0). 

Let us now suppose that the root number e(l/2, / x Ok) is —1, in which case we 
can assume without loss of generality that n > 1 (since the case of n = corresponds 
to that of the exceptional setting treated by [3] and [1]). We can then use the same 
argument as given above for the case when the root number e(l/2, / x Ok) is +1, 
replacing the basechange p-adic L- function £ p (po; T^ n ') (which vanishes identically 
by the associated functional equation) with the element g p {pa', T^) defined in (|23[) 
above (which does not vanish identically by the proof of Proposition I2.2j) . using 
Corollary |2.6l in lieu of Lemma [2~4l to obtain the required invariance of Weierstrass 
degree in the basechange variable for integers n > n(0). □ 
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